Relaxation imposes a fundamental limit on the sensitivity of state of the art quantum sensors which cannot be overcome by dynamical decoupling. The only way to overcome the relaxation rate is to utilise quantum error correcting codes, which are however challenging to integrate in the sensing scenario. We present a superconducting magnetometry design that incorporates approximate quantum error correction within its functioning, in which the signal is generated by a two qubit Hamiltonian term. This two qubit term is provided by the dynamics of a SQUID junction that couples two charge qubits. For fast enough error correction frequency, it is possible to lengthen the coherence time of the device beyond the relaxation limit.
Introduction -The field of quantum metrology is one of the thriving quantum technologies that have attracted great attention over the last decade, due to the outstanding enhancements that derive from the ability to control physical systems to the limit dictated by quantum mechanics. Common to all of these technologies is the necessity to decouple quantum systems from their environment, while keeping them under full control. In the context of quantum magnetometry, a single highly coherent probe can be used to measure very weak magnetic fields via Ramsey interferometry, with a sensitivity that scales as δB ∝ 1/ √ T · T 2 [1, 2] , where T is the total experiment time and T 2 is the coherence time of the probe. Whereas pure dephasing noise can be accounted for by means of refocusing techniques [3] [4] [5] [6] or continuous dynamical decoupling [7] [8] [9] [10] [11] [12] , the relaxation-limited coherence time, i.e. T 2 = 2T 1 , is a fundamental limit to sensing and can only be surmounted via quantum error correction.
Quantum Error Correction Codes(QECC) and Quantum Sensing -QECC were originally devised as a means to lengthen the coherence time of a quantum register [13, 14] , and it was soon realised that if the noise rate is below a threshold constant, quantum coherence can be maintained for arbitrarily long times [16] [17] [18] . In the field of quantum metrology, it has recently been observed that introducing QECC has the potential of increasing the sensitivity in different scenarios [19] [20] [21] 24] . Arguably, this is an extremely promising avenue for theoretical and experimental developments in the years to come. However, it is challenging to use QECC for quantum sensing as the error correction procedure tends to correct the signal itself. Dynamical decoupling solves this issue by frequency selection which is not straightforwardly applicable for QECC as these are designed to tackle white noise. QECCs could however be designed to distinguish the error from the signal by probing a specific n-qubit interaction. Designing n-qubit Hamiltonian terms out of single body interactions by means of Raman virtual transitions offers no advantage, because an increase in lifetime resulting from error correction is cancelled by the fact that effective signal decreases by the same factor [21] .
The fundamental idea put forward here is to use the two-dimensional logical subspace of a QECC as a twolevel system that will be used to sense, or probe, a given signal. The smallest operator that exact QECCs can probe is a three body interaction [14, 22] , since these codes correct all single-qubit quantum errors. This is of interest only in special scenarios. In Ref. [23] the first example of an approximate QECC which can correct for relaxation errors and is able to probe two body interactions was presented. This code is defined by the codewords:
where
). This code is stabilised [15] by
} and it can be thought of as two classically correlated Bell pairs. Its logical operators areX = σ
Here it is assumed that refocusing techniques and qubit design [27] [28] [29] [30] [31] [32] [33] can be used to push the lifetimes to the relaxation limit. In this scenario, the signal is measured by performing a Ramsey-type experiment at the logical level. Whereas the physical qubits may undergo decay at any given point, performing error correction after lapses of duration τ EC will reduce the failure probability at the logical level, for short enough τ EC .
SQUID Junction -The fundamental problem behind QECC-enhanced quantum sensing is the engineering of a many-body Hamiltonian term with strength proportional to the signal to be estimated. We now explain how to obtain a two-body Hamiltonian term using a SQUIDlike Josephson junction between two charge qubits. The Hamilonian of this junction is [25] :
where the Josephson energy is E J = Φ 0 I C /(2π), Φ 0 is the flux quantum and I C is the critical current flowing across arXiv:1410.7556v1 [quant-ph] 28 Oct 2014 the two branches of the junction, which are assumed to be equal. The reduced flux threading through the SQUID junction is φ loop = 2πΦ loop /Φ 0 and φ i for i ∈ {1, 2} are the phases of the superconducting aggregate at both terminals of the junction. The flux across the loop is Φ loop = Φ signal + Φ bias . For an adequate biasing, Φ bias = −Φ 0 /2, and for very weak signals Φ signal /Φ 0 1, it is possible to rewrite the SQUID junction Hamiltonian as
The strength of this term will be proportional to the magnetic signal threading through the SQUID. In order to see how a two-qubit Hamiltonian term can be obtained from this system, consider using this SQUID junction depicted in Fig. 1 . Notice that charge qubits are needed since it is required that the charge degree of freedom be an integer. In order to see this, consider that cos(φ 2 −φ 1 ) = (e φ2 e −φ1 +e −φ2 e φ1 )/2 and that, for charge qubits, e ±φj |n j = |n j ∓ 1 , where n j is the number of Cooper pairs in the j-th superconducting island. φ j and n j are quantum conjugate variables, [φ j , n j ] = i. After truncation to the two lowest-lying eigenstates and the addition of drive terms with frequency E C h , the Hamiltonian is:
where σ Z j = |n j = 1 n j = 1| − |n j = 0 n j = 0| and σ X j = |n j = 1 n j = 0| + |n j = 1 n j = 0|. Due to the periodicity of the energy-charge relation, the number of Cooper pairs is defined modulo one. For charge qubits, the charging energies E C = (2e) 2 2Cj are taken to be equal and much smaller than the Josephson energies E C,j E J,j , for the purpose of reducing the circuits' spectrum depence on charge noise [27, 28] . In addition, we further require that |E J,2 − E J,1 | I C Φ signal , which is needed in order to apply the secular approximation in the rotating frame of the qubits. The Josephson energies oscillate exactly in resonance with the charging energy and can be seen as a driving of the qubits to further reduce charge noise and to apply the rotating wave approximation, such that in the rotating frame in which the junction Hamiltonian looks like:
which can be used to enact one of the logical operators of the code, generating rotations of codewords in a logical Ramsey-type experiment. Each qubit (including the ancillia A) is capacitively coupled to its nearest neighbors (cf. Ref. [34] ) . Between qubits 1 and 2 (alternatively 3 and 4), a SQUID junction with a persistent current IC equal in both branches is placed in proximity to the sample to be measured. A biasing flux is used to operate at the optimal point. Our sensing protocol relies on our ability to prepare the initial state |Ψ0 =
(|0 + |1 ), which is left to precess according to H signal . The frequency of the oscillations will be proportional to the magnetic flux threading the SQUID junction. The signal flux is proportional to the strength of the magnetic field and the area across which it threads.
Noise and Error Correction -The setting presented in Fig. 1 bears many similarities with the layout of Ref. [34] , where extremely fast quantum gates with high fidelity have been experimentally demonstrated. In particular, it was found that the lifetimes are limited by decoherence in the devices and not by noise in gates or in the read-out lines. We therefore model each gate in our correction procedure as a perfect gate followed by single qubit and two qubit depolarizing noise.
Relaxation at a rate γ of any of the four qubits can be described after the error correction time τ EC in the channel representation, generalised to multiple qubits by:
corresponds to emission of a microwave photon and K 0 = |0 0| + √ 1 − γτ EC |1 1| reflects the fact that if no decay occurred, the probability of finding the qubit in the excited state has decreased.
It was shown in Ref. [23] that it is indeed possible to gain an advantage over standard QECC by relaxing the conditions for error correction. If instead of demanding exact correction for a given error channel (which in our case will be relaxation errors), we demand that the approximate QECC retrieves the correct state up to first order in the error probability, then small codes exist that can approximately correct for errors that would otherwise be uncorrectable for exact quantum codes [23] . Our error correction protocol C, which is subsumed in Fig. 2 , ensures that the fidelity of the corrected state is one up to second order corrections,
2 ), even if the code is not exact. A filter is applied in order to regain the relative amplitude between the decayed codewords, followed by a resetting (R) of the first two qubits. Qubits 3 and 4 undergo a X3X4 operation to restore the correct coherence and the following gates are meant to reconstruct the codewords. An equivalent procedure holds for (b1, b2) = (0, 1). Note that for (b1, b2) = (1, 1), which happens only to second order, no correction is possible and the state is left untouched.(d)The inner functioning of the filter. The ancilla is initiallised in the |1 state and a conditioned rotation around the Z axis of φ = cos −1 (1 − γτEC) is carried out to transfer part of the amplitude of the |00 state into the odd parity subspace. If even parity is detected, then the correction continues, and it aborts otherwise.
There are only five Kraus operators that act on the state to first order, K 0000 , K 0001 , . . . , K 1000 . A central observation [23] is that all of these operators, when acting upon the codespace Π C , have a polar decomposition of the form
λ s Π C is a semipositive operator that quantifies the distortion inflicted in the codewords that is not recoverable. In other words, each of these operators can be decomposed in a non-trivial rotation on the codespace, i.e. 0 | U s |1 = 0, preceded by a dilation. Only part of this dilation can be undone, namely the one proportional to √ λ s I, whereas the one proportional to Q s is not recoverable. More explicitly, if the state |0 undergoes the action of K 0000 , the resulting (unnormalised) state is |0000 + (1 − γτ EC ) (|1100 + |0011 ) + (1−γτ EC ) 2 |1111 , which can be brought to (1−γτ EC ) |0 up to second order, via application of a unitary operation. However, in order to apply this correction the precise knowledge of the decay rate is needed. It can be shown ( [23] ) that the uncorrectable part of the error only contributes to second order in γτ EC to the fidelity loss. Error correction thus amounts to detecting which of the five possible first-order processes occurred, and then undoing part of the error.
In Fig. 2 , the circuits for error detection and correction are explained in detail. This is an improvement over the protocol presented in [23] as it does not rely on decoding the information into a single qubit, which is not resilient against single qubit errors.
Below the threshold value depicted in Fig. 3(a) , the error probability at the logical level, p logical = 1 − F, decreases quadratically as the physical probability p = 1 − exp(−γτ EC ) ≈ γτ EC is reduced. Errors that occur with first order in the physical error probability are corrected and therefore do not contribute to the loss of fidelity. It is important to notice that the mere fact of trying to correct for relaxation will introduce errors due to imperfect gate, ancilla preparation and measurements. These errors cannot be accounted for, as a consequence of the four qubit code beeing too small, and will unavoidably result in a decrease of fidelity. However, larger codes could in principle be used to correct for this errors. In our case, it is stilll possible to achieve an improvement provided that the fidelity of the gates is above a threshold that will depend on the time lapse τ EC . As depicted in Fig. 3(c) , our simulations confirm that lengthening the lifetime beyond the relaxation limit is indeed possible for frequent enough error correction and sufficiently good gates. In Fig. 4 the time evolution of the probe in two scenarios is shown. On the one hand, when the signal is strong compared to the decay rate, it becomes apparent that the contrast can be maintained for times greatly exceeding the relaxation limit. If the sensed signal is smaller then the relaxation rate of the physial systems, it can be seen that whereas in the unencoded case the signal is very rapidly obliterated by the decay, an encoded probe can feel the signal for longer times and therefore increase the sensitivity.
Sensitivity analysis -The sensitivity of the logical Ramsey-type experiment is given by δB = δP/|∂P/∂B|, and the optimal precision scaling can be analytically calculated to be δB ∝ The fidelity of the initial state |+ after undergoing relaxation with a probability p. The solid black line represents the decay of a bare, unencoded probe in state |+ . QECC corrects for errors that are first order in the relaxation probability and this is reflected by a quadratic curve (light green, dashed line) in which first order errors do not contribute to the loss of fidelity. The solid blue line and the dark green dashed line represents the loss of fidelity when the gates in the error correction procedure introduce error with pgate = 10 −2 % and , pgate = 5 × 10 −2 % respectively.(b) The error introduced in the correction procedure also causes a loss of fidelity, at a rate which depends on the time laps τEC . The shaded area below the curve is the area in which there is an increase over the unencoded. (c) Decay of the fidelity for a probe initially prepared in the state |+ , for three different frequencies of error correction, each point corresponds to an average of 10 4 runs. Again, the solid black line denotes the evolution of an unencoded probe. The top, light green curve corresponds to τEC = 0.01γ −1 and a gate error of pgate = 5 × 10 −3 %. The filled circles (squares) denote error correction is carried out every τEC = 0.05γ −1 (0.075γ −1 ). The blue solid lines (dashed green) correspond to pgate = 10 −2 %(5×10 −2 %), showing that there is indeed a benefit for high enough gate fidelities and frequencies. The red dotted lines correspond to pgate = 0.1%, showing that applying error correction is actually worse than using the unencoded probe.(inset) Fine-grained evolution for pgate = 5 × 10 −2 % and τEC = 0.05γ −1 . Between two rounds of error correction, the fidelity decays exponentially. Then, the first order relaxation errors are corrected, and therefore the loss of fidelity is only quadratic on τEC.
effective noise rate at the logical level, obtained from an exponential fits of the decays in fidelitiy of the encoded state. (see Fig. 3 ).
As hinted by the relation Φ signal = |B|A SQUID , the larger the area of the loop, the smaller the magnetic fields that can be measured, at the expense of reducing the spatial resolution of the device. For a critical current of 330 nA and a tunable junction size of roughly 100µm 2 , and in the absence of error correction, the sensitivity of our design is estimated to be on the order of ∼ 3fT. Devices like this have recently been built [40] . Despite relying on different sensing strategies, this sensitivity compares with those of modern SQUID magnetometers, lying in the nTHz 1/2 [41] and fTHz 1/2 [42] range, depending on design and application. Likewise, we can compare the energy scales of our system to the typical timescales of interferometry-based sensing schemes or trapped ions, and we readily see that the ratio between the Hamiltonian strengths ∼ I C A SQUID /µ B compensates for the fact that the hyperfine levels of trapped ions have longer lifetimes than Xmon circuits [33] , by roughly a factor of 10 5 , and places our device as a potential candidate for the determination of frequency standards.
Incorporating error correction at a sufficiently high rate and a sufficiently high gate fidelity can increase the lifetime by several orders of magnitude, and as result it may be possible to go beyond the femto Tesla regime in the future. For current technology and the gate speeds demonstrated in [34] , we estimate each round of error correction to be achieved in less than 2µs, which includes the SWAP gates necessary to perfom the correction using only nearest-neighbor interactions. Current lifetimes of this device are in excess of 40µs, which means that the needed frequencies for error correction are currently achievable (see Fig. 3 ). Therefore the only impediment to be surmounted are gate fidelities, which should be boosted by an order of magnitude over current values in order to observe an enhancement due to the incorporation of a QECC. This would also open up the possibility to perform quantum metrology in a fault-tolerant manner, that is, using the logical qubit to probe signals while systematically fighting general quantum noise induced by the environment and by the correction procedure.
Considerations on Pure Dephasing -We have identified two additional sources of pure dephasing noise against which our four qubit code is ineffective. The logical information is therefore vulnerable to these errors and must be protected using other methods.
First, one simplifying approximation we have taken is that τ EC can be made as short as we wish, bringing therewith an increase in the coherence times arbitrarily far beyond the relaxation limit. There is however an important consequence of τ EC being finite, namely, an uncorrectable dephasing is caused by uncertainty about when exactly an error happened between two consecutive rounds of error correction. In the time lapse between a single relaxation error and its correction, the probe evolves outside the logical subspace. As a consequence of this, averaging over many realisations of the experiment has the result of effectively randomising the accumulated signal. This is a general drawback of QECC-assisted metrology yielding a decay rate of (I C Φ signal τ EC / )
2 γ [21] , which can be mitigated by performing error correction extremely fast.
Second, there is one further complication in our setting concerning the fluctuations of the biasing flux. Realistically, the biasing flux consists of the nominal value plus some time-dependent fluctuations Φ loop = Φ signal − Φ 0 /2+Φ noise (t), which is an important impediment common to all magnetometry settings. For magnetic fields B = |B| cos(ω B t), switching the direction of the evolution at the frequency of the alternating signal will refocus noise with correlation times shorter than ω −1 B . This is especially effective against low-frequency noise which is dominant in superconducting devices, allowing for bandwiths of up to several MHz.
Summary & Outlook -We have proposed a device that can be used to sense magnetic fields with a precision that is not relaxation-limited. This can be achieved by incorporating error correction into the sensing protocol and using superconducting circuits as sensing and redundancy qubits. Moreover, this can be generalised to other physical settings, such as trapped ions, Nitrogen vacancy centres in diamond and coupled quantum dots, and work is currently underway to show this.
